In studying torsion-free nilpotent groups of class 2 it is a key fact that each central group extension ‫ޚ‬ n u E¸‫ޚ‬ m is representable by a bilinear cocycle. So for investigating nilpotent groups of higher class it is natural to ask for a generalization of this fact, namely when ‫ޚ‬ m is replaced by some torsion-free nilpotent group G and ‫ޚ‬ n by some torsion-free abelian group B with nilpotent Ž . Ž G-action. In this paper we study a suitable notion of bi polynomial cocycles in the . strong sense of polynomiality introduced by Passi and prove the desired repre-Ž . sentability theorem 4.3 . This was known before only for central extensions with di¨isible kernel and with kernel ‫ޚ‬ if G is abelian, nilpotent of class 2 or if the quotients of the lower central series of G are torsion-free. Our representability 2 Ž . result implies a con¨ergence theorem for an approximation of H G, B by polyno-Ž . mial cohomology groups 4.4 . Since the latter ones are well accessible to computa-2 Ž . tion one obtains a formula for H G, B in terms of a presentation of G which can be evaluated by integral matrix calculus. More precisely, a given presentation of G amounts to a three-term cochain complex consisting of finitely generated free ‫-ޚ‬modules if the groups G and B are finitely generated; the cohomology of this 2 Ž . complex is identified with H G, B in such a way that representing 2-cocycles are Ž . explicitly given in terms of integer valued rational polynomial functions 6.4 . As an application, we establish an explicit bijection between torsion-free nilpotent groups and ‫-ޚ‬torsion-free nilpotent Lie rings both finitely generated and nilpotent of class Ž . F3 7.2 . In case a given group extension is representable by a polynomial cocycle we also determine the minimal degree of polynomiality for which this holds. Indeed, dropping the assumption that G is torsion-free nilpotent, we give an intrinsic characterization of all group extensions with torsion-free abelian kernel which are representable by a polynomial cocycle of degree F n, provided that the cokernel is 
Ž .
Ž G-action. In this paper we study a suitable notion of bi polynomial cocycles in the . strong sense of polynomiality introduced by Passi and prove the desired repre-Ž . sentability theorem 4.3 . This was known before only for central extensions with di¨isible kernel and with kernel ‫ޚ‬ if G is abelian, nilpotent of class 2 or if the quotients of the lower central series of G are torsion-free. Our representability 2 Ž . result implies a con¨ergence theorem for an approximation of H G, B by polyno-Ž . mial cohomology groups 4.4 . Since the latter ones are well accessible to computa-2 Ž . tion one obtains a formula for H G, B in terms of a presentation of G which can be evaluated by integral matrix calculus. More precisely, a given presentation of G amounts to a three-term cochain complex consisting of finitely generated free ‫-ޚ‬modules if the groups G and B are finitely generated; the cohomology of this 2 Ž . complex is identified with H G, B in such a way that representing 2-cocycles are Ž . explicitly given in terms of integer valued rational polynomial functions 6.4 . As an application, we establish an explicit bijection between torsion-free nilpotent groups and ‫-ޚ‬torsion-free nilpotent Lie rings both finitely generated and nilpotent of class Ž . F3 7.2 . In case a given group extension is representable by a polynomial cocycle we also determine the minimal degree of polynomiality for which this holds. Indeed, dropping the assumption that G is torsion-free nilpotent, we give an intrinsic characterization of all group extensions with torsion-free abelian kernel which are representable by a polynomial cocycle of degree F n, provided that the cokernel is Ž . finitely generated and acts nilpotently on the kernel 4.2 . Thus a polynomiality theory for group extensions as asked for by Passi is now achieved in case the kernel 2 Ž . is torsion-free. A motivation for thisᎏapart from calculating H G, B explicitlyᎏcomes from a question posed by J. Milnor in 1977, namely whether all finitely generated, torsion-free virtually polycyclic groups arise as fundamental groups of compact, complete affinely flat manifolds. Even the case of torsion-free nilpotent groups is interesting but far from being understood, notably since counterexamples of this type have recently been discovered. A connection of Milnor's question for nilpotent groups with polynomial constructions was first indicated in the work of P. Igodt and K. B. Lee. Recently a very close connection of this type was established, and an obstruction theory developed for the problem in terms of polynomial cohomology. On the other hand, polynomiality properties of extensions with a torsion kernel are closely related to dimension subgroups, as was observed by Passi in the case of central extensions. An extension of this idea to the noncentral case is provided by Theorem 3.4 below. This might be of interest in connection with the recent discovery of Gupta and Kuz'min that the quotient Ž . Ž . group D G r␥ G is an abelian normal but in general noncentral subgroup of n n Ž . Gr␥ G . Moreover, we obtain a functorial equi¨alence between extensions of n Ž . torsion-free nilpotent groups and of ‫-ޚ‬torsion-free nilpotent modules 5.1 . This improves a general result of Reiner and Roggenkamp in the special situation of torsion-free nilpotent groups. As applications, it yields an inductive cohomological w x description of automorphism groups of torsion-free nilpotent groups 9 and a generalization of the classical Dold-Kan equi¨alenceᎏbetween simplicial abelian groups and chain complexes of abelian groupsᎏto simplicial groups of class 2. Applications in localization theory are also to be expected, namely to questions concerning the genus of torsion-free nilpotent groups. All the above-mentioned results are based on the more technical work of the first section. There, also, generalizations of theorems of Witt and Quillen are obtained concerning certain Lie algebras associated with groups; these results might be of independent interest. ᮊ 1996 Academic Press, Inc. CONTENTS 1. The relati¨e polynomial construction. 2. Polynomial 2-cocycles. 3 . Extensions of groups and modules. 4 . Representability of group extensions by polynomial cocycles. 5 . Abelian models of torsion-free nilpotent groups. 6 . The second cohomology of torsion-free nilpotent groups. 7. Torsion-free nilpotent groups of class 3.
THE RELATIVE POLYNOMIAL CONSTRUCTION

Ž .
The polynomial construction P E for groups E and commutative n, R w x coefficient rings R is due to classical work of Passi 23 . A relative version, Ž . P E, B for Be E, however, appears only implicitly in several contexts, n, R w x for example, in Passi's studies of the dimension subgroup problem 24, 27 , x in Roquette's proof of the Golod᎐Safarevic inequality 33 or in Kuz'min's w x study of a varietal version of the classical shifting isomorphism 19 .
In this section we study the absolute and the relative polynomial construction modulo torsion in their own right. Moreover, the torsion Ž . subgroup of P E, B is identified in terms of the groups Be E in n, ‫ޚ‬ favourable situations. Ž .
y1 y1
Let G be a group. We define commutators in G by a, b s aba b . Ž . Let R be a commutative ring and let ⌬ G denote the augmentation Ž . usual, we shall write ''G-module'' instead of ‫ޚ''‬ G -module.'' 1.1. DEFINITIONS. Let E be a group, R as above, and Be E a normal subgroup. We define the quotient ring
denoted by . Moreover, for an abelian group A we write A s torsion of A, A s Ar A and : A¸ A. We define the quotient rings
, P E, B , and P ErB are nilpotent n, R n n Ž . left ErB -modules of class F n. Moreover, the maps
n,R n , R n n Ž . sending a g E to the coset of a y 1 are E¸ErB -derivations; as such, Ž . they are universal with respect to nilpotent R ErB -modules of class F n Ž . or to nilpotent ‫-ޚ‬torsion-free ErB -modules of class F n, respectively. A 
Ž .
be a group extension with abelian kernel B. Then it is an elementary fact that the sequence
Ž . is an exact sequence of R G -linear homomorphisms, where the R Gaction on R m B is given by R-linear extension of the G-action on B ‫ޚ‬ induced by conjugation in E. Moreover, the map p i here denotes the n, R R-linear extension of the map p i defined above.
n, R
The main goal of this section is to study the effect of replacing the terms Ž . Ž . 6 Ž . P ᎐ in 2 by the corresponding terms P ᎐ .
n, R n
In order to explain the results first, we postpone all proofs to the end of the section. 
n n
Ž . Ž . is exact if and only if the following three relations
Ž .
Ž . Ž .
1 r 6 6 ' '
Ž .
Here relation B can be replaced by the relation
n n of G-modules is exact.
Ž . Note that this in particular applies when B s ␥ E , where f is the f Ž . Ž . smallest integer G e q 1 r2, or when B s ␥ E if E is metabelian. In 2 both cases the conclusion holds for n G e. Now we consider the structure of the ''absolute'' polynomial construc-6 Ž . tion P G . The crucial result here is the following integral analogue of and there is a natural isomorphism 
[ 6 Ž . case . In particular, the rank of P G is combinatorially determined by the
Birkhoff᎐Witt theorem.
Ž .
ii The following sequence consists of G-linear homomorphisms and is exact:
ž / n n n n 6 Ž . If K denotes the subgroup generated by the n-fold ring commutators of P G n n 6 Ž . we ha¨e the following isomorphism and identities in P G :
n n q 1 n n n n n Ž . Part iii may be viewed as a generalization of Witt's theorem that the
free. In fact, let T denote the noncommutative polynomial ring generated by a basis of G and let T be its augmentation ideal. Then Witt's theorem Ž . says that L G is isomorphic to the sub-Lie algebra of T generated by Ž . homogeneous elements of degree 1. This is a special case of 1.8 iii since 
Ž . Ž .
w x This result is an integral analogue of Quillen's result in 30 that the Lie 6 Ž . Ž . algebra L G m ‫ޑ‬ is determined by the ring ‫ޑ‬ G . Now we turn to the proofs. We start by considering the situation for rational coefficients. The ''descent to ‫''ޚ‬ then turns out to be much simpler than in comparable situations in the literature; e.g., lattice subgroups do not play a distinguished role. Also Mal'cev bases, orderings, and weighting arguments as commonly used in similar contexts do not occur.
1.10.
First note that we have for all groups the elementary rela-
‫ޑ‬ w x of graded algebras which is actually an isomorphism for all groups G 30 . LEMMA 1.11. Let L be a graded Lie ring which is torsion-free as an abelian group. Then the en¨eloping algebra UL o¨er ‫ޚ‬ is also torsion-free as an abelian group.
Proof. The Lie ring L is the colimit of its sub-Lie rings L which are ␣ Ž . locally i.e., in each degree finitely generated as abelian groups. Since the enveloping algebra as a left adjoint functor preserves colimits we get
␣␤
Since L is supposed to be additively torsion-free each L is locally and, :
where is the canonical quotient map. But
[
where the associated graded map Gr is taken with respect to the 
Ž . and thus relation 5 and part i of 1.8. Now consider part ii . In order to 6 6 Ž .
n n q 1 n n defined and injective, consider its factorization
where is the canonical map, is isomorphic by 1.7, and the last factor n, ‫ޚ‬ Ž . is given by i . Injectivity of is derived from the commutative diagram
and by using injectivity of the bottom map due to the Birkhoff᎐Witt theorem. Moreover, the second factor of the composition 6 6 6 6 6 6 6
Ž . is isomorphic, too. Thus part ii is proved.
Ž . Ž . In order to derive iii from ii we calculate
Ž .
n n n n 6 < The converse inclusion follows from the linearity of p ␥ G . Ž .
and we have
kqlq1 Ž . 6 Ž . term in 14 lies in the image of ⌬ G in P G and thus vanishes 6 kql Ž . by 1.8 i . This proves the theorem. 6 Ž . Now we turn to the relative construction P E, B . The rational key n result here is the following. w x LEMMA 1.13 19 . Let E be a torsion-free nilpotent group of class F n and let B be an abelian normal subgroup. Then the map
is injective.
Ž . Together with 2 we obtain the following. i Ž . T HEOREM 1.14. Let E s B u E¸G be a group extension with abelian kernel B. Then the following sequence of G-linear homomorphisms is exact:
The ''descent to ‫''ޚ‬ now is done by means of the following. LEMMA 1.15. Let E be a group, Be E, and n G 1. Then the isolator 6 6 6 Ž . Ž . subgroup of p B in P E, B is generated by the set p B␥ E , together
sq иии qs q j ) n. Moreo¨er, the set p B␥ E consists of the ele-
G proved in 13 and by the relation
n j I whence also
n and where we use the 6 Ž . 0 Ž . Ž . G-action on P E, B and set ⌬ G s ‫ޚ‬ G . Indeed, it suffices to take Ž .
Ž . Together with 15 and 16 this proves the first part of the assertion, except from the fact that for u ) 1 it suffices to take the elements
6 Ž . then xp a s xp bЈ for the same reasons as above, using the relation
The ''moreover'' part of the assertion is the case i s 0 and j s n q 1.
Proof of Theorem 1.2. By 1.10 we have a factorization
n,‫ޑ‬ n q1 n n , ‫ޑ‬ 6 6 Ž . Thus by Kuz'min's lemma 1.13 the map p :
' Ž . Ž . Ž Ž ..
'
Moreover, exactness of sequence 2 implies Ker P s p i B .
Ž .
n n Ž . Ž . Now suppose relation A holds. Then it follows from 1.15 and 20 that 6 6 Ž . Ž . Ž . sequence 3 is exact iff the relations C and p B␥ E ;p B hold.
' Ž .
n n q 1 n Ž . Ž . By 19 the latter relation is equivalent with relation B . Moreover, the Ž . ''moreover'' part of 1.15 implies that relation B can be replaced by Ž . relation B Ј.
Ž . Ž . Now suppose that the relations A ᎐ C hold. To determine the torsion Ž . subgroup P E, B consider the short exact sequence
By the first part of the theorem it is split by means of the composition 
proof.
Ž . Proof of 1.4 . By assumption a and 1.3 it remains to check that relation
Applying the injection : B u ‫ޑ‬ m B we get 
and since the canonical homomorphism
is well defined and surjective. Hence is trivial since B is torsion-free.
B ' '
Thus B is central in B . Now the assertion follows from the fact that B is torsion-free via the following lemma. 
where q induced by q is surjective. Now by Hopf's formula the left-hand Ž . that H T is locally finite, and since ␥ T is, too, the same holds for 2 2 Ž . Ž . Ž F,F r F, R here we use that subgroups of finite index in finitely . Ž . generated groups are finitely generated . Thus also ␥ Q is locally finite, 2 as asserted. holds for all a, b g G.
To an r-cochain d assign the homomorphism 
‫ޚ‬ ‫ޚ‬
Ž . holds for all x g ⌬ G . In other words, d factors through group homo- 
Ž .
ii Suppose that d is the coboundary of a normalized 1-cochain f :
‫ޚ‬ ‫ޚ‬
The last term vanishes if i q j y 1 ) m and the penultimate one if i q j y k ) n. Ž . Ž . Now suppose that d is the coboundary of f as in ii . By 25 we have for In order to gain a better description of polynomial cocycles we introduce the following construction. by sending the element a b to a y 1 m b y 1 for a, b g G. Ž . From this observation or from 24 we obtain the following.
resolution of ‫.ޚ‬ Then it is easily verified that a G-linear isomorphism
B G rIm ␦ ( ⌬ G m ⌬ G Ž . Ž . Ž . Ž . 2 3 ‫ޚ‬ ‫ޚ‬ w < x Ž . Ž . is induced
LEMMA 2.5. A normalized 2-cochain d is a 2-cocycle if and only if thẽ
Ž . Ž . Ž . homomorphism d: ⌬ G m ⌬ G ª B 23 is G-linear. Consequently, the ‫ޚ‬ ‫ޚ‬ correspondence d ¬ d in 2.1 is a 1᎐1 correspondence between polynomial Ž . Ž .
2-cocycles of degree F n, n q 1 and G-linear homomorphisms
e remark that the construction m above can be used in a similar way to define polynomial 2-cohomology of nilpotent Lie algebras, which serves w x as a basic tool for studying their affine structures 13 . which has the advantage to be well computable from a finite presentation of G via 2.7; cf. Sections 6 and 7. For this reason we now turn to a study of the problem of con¨ergence by first relating it to other polynomiality properties of group extensions.
Ž . REMARK 2.6. If in 2.4 A s R G is a group algebra and I s 0 then there is an A-linear isomorphism
EXTENSIONS OF GROUPS AND MODULES
Ž .
Ž . Let G be a group, B a G-module, and I ; ⌬ G a left ideal in ‫ޚ‬ G . 
Then a group extension
M ‫ޚ‬
associated with M to the canonical derivation a ¬ a y 1 q I. Alternatively, it is obtained by applying the composite homomorphism 
For non-torsion-free groups B this is no longer true in general, even for n s 2; the situation is much more complicated since it involves, among w x other phenomena 21 , the classical dimension subgroup problem. For w x n s 2, at least, the situation is completely cleared up in 11 . 
Ž . Ž . Ž .
Ž . then E is induced by the extension of ‫ޚ‬ G -modules defined by taking
Ž . This proves the implication i « ii . Now suppose that the homomor-Ž . phism p i: BªP E, B is split injective. Then the sequence
Ž . is an extension of ‫ޚ‬ G -modules which is split over ‫.ޚ‬ In particular, the
Ž . prove the implication ii « iii let E be induced by an extension M as in Ž .
ii ; i.e., there is an isomorphism ␣ : E ª E such that ␣ i s jЈ and o pr ␣ s . Then the map pr ␣ : E ª M is a -derivation which admits a 2 1
phism ␣ by the universal property of p ; see 1.1. We obtain a commuta- over ‫.ޚ‬ It induces E since the quotient map : M¸ M induces a
Ž . Ž . iv « v suppose that iv holds. Similarly as in the proof of the implica-Ž . Ž . tion ii « iii we obtain a commutative diagram of G-linear homomorphisms, 6 
6
Ž . modules isomorphic to N via ␣ Ј and, in particular, split over ‫.ޚ‬ Ž . 6 Ž .
Finally, if v holds and r: P E, B ª B is a retraction of p i then the n n Ž . Ž . composition r : P E, B ªB is a retraction of p i; i.e., iii holds and
the proof is complete.
REPRESENTABILITY OF GROUP EXTENSIONS BY POLYNOMIAL COCYCLES
In this section let
i E: B u E¸G be a group extension such that ⅷ B is torsion-free abelian ⅷ the G-action on B induced by conjugation in E is nilpotent of class F k ⅷ either the group B is di¨isible or G is finitely generated.
Furthermore, let n G k.
We are going to give a necessary and sufficient condition for representability of E by a polynomial cocycle. For this, recall 3.4. First of all, if Ž . 6 Ž . G is finitely generated so is the group P G , whence P G is finitely n, ‫ޚ‬ n Ž . generated free abelian and the splitting condition in v is redundant; the same conclusion holds if B is a divisible and, whence, injective abelian Ž . group. But exactness of the sequence in v was characterized intrinsically in 1.2, so all results there can be interpreted in view of 3.4, as follows. Thus we obtain our desired theorem. CONVERGENCE THEOREM 4.4. Let G be a torsion-free nilpotent group of class F c and B a ‫-ޚ‬torsion-free nilpotent G-module of class F k such that either the group B is di¨isible or G is finitely generated. Then
Special cases of this result are obtained in the literature, where the module structure of B is always supposed to be trivial and either B is w x w x divisible 28 or B s ‫,ޚ‬ but in addition G is abelian 17 , nilpotent of class w x Ž w x. 2 5 , has torsion-free lower central quotients Passi, 1991; see 35 , or is w x an arbitrary finitely generated T T-group 8, 9 .
The following application of 1.6 may also be worthwhile to be written out. 
Ž .
The corollary in particular applies when B s ␥ E , where f is the f Ž . Ž . smallest integer G e q 1 r2, or when B s ␥ E if E is metabelian. In 2 both cases one has n s e.
ABELIAN MODELS OF TORSION-FREE NILPOTENT GROUPS
w x It is a classical result 32 that for a group G the category of group extensions B u E¸G with abelian kernel is equivalent to the category Ž . of G-module extensions B u M¸⌬ G . We here show that for exten-‫ޚ‬ sions of torsion-free nilpotent groups G and E an analogous ''model theorem'' holds using ‫-ޚ‬torsion-free nilpotent modules and replacing Ž . 6 Ž . ⌬ G by the polynomial quotient P G . From this result we obtain ii the G-action on M is nilpotent of class F n Ž .
iii the G-action on B is nilpotent of class F k Ž . Ž . f a F x for x g M , a g G ; 1 1
ⅷ the following diagram is commutative:The constructions P and Pull
above extend to functors Proof. Natural transformations P (Pull ª id and id ª Pull( P are readily established by the universal properties of p 6 and of the pullback n used in the definition of Pull, respectively. These are isomorphisms by the five-lemma.
REMARK. In comparison with the general model theorem on arbitrary w x group extensions in 32 our special result for T T-groups has several advantages:
For finitely generated groups E the models P E consist of finitely generated free abelian groups. ⅷ 6 Ž . P G is easily computable by abelian generators and relations if G n is given by a finite presentation; cf. 6.2 below. This is due to the fact that Ž . n Ž . for free groups F the ring ‫ޚ‬ F r⌬ F is nothing more than a truncated ‫ޚ‬ noncommutative polynomial ring; i.e., it is free in the category of aug-Ž . mented rings of index n q 1, while the ring ‫ޚ‬ G itself is not free, but has a much more complicated structure.
ⅷ The modules involved in our models are nilpotent which is well adapted to inductive constructions.
From 5.1 we obtain the following inductive abelian models for torsion-free nilpotent groups and their homomorphisms.
n q 1
Let S be a ring without unit of index n q 1; i.e., S s 0. Then Ž . K S denotes the additive subgroup of S generated by the n-fold ring Now we assign to a T T -group E the model
where : E¸Er ␥ E is the canonical quotient map. This is in fact
Ž . an object in R R by 1.8 ii and iii . Conversely, an arbitrary object
n n with x, a y, b s xqy qxy, ab .
Ž .Ž . Ž .
As P and Pull above, the constructions R and G can be extended to n n morphisms in a canonical way to yield functors In some sense, this result is a substitute of the Mal'cev correspondence between rational nilpotent groups and rational nilpotent Lie algebras in the nondivisible case. It might be useful for the construction of ''small'' models for simplicial T T-groups and thus for integral homotopy types of spaces, in analogy with Quillen's use of the Mal'cev correspondence as a key ingredient in his modelization of rational homotopy types by rational differential graded Lie algebras. As a first step in this direction, we derive w x from 5.2 a Dold᎐Kan theorem for simplicial groups of class 2 8, 14 ; the Ž ''small models'' obtained in this way actually extend in the simply con-. w x nected case the ''quadratic modules'' introduced by Baues 3 . Applications to group cohomology with respect to the variety of nilpotent groups of class n are also to be expected. Theorem 5.2 is an immediate consequence of 5.1 using the following. 
THE SECOND COHOMOLOGY OF TORSION-FREE
NILPOTENT GROUPS
Ž . n Ž . ‫ޚ‬ G r⌬ G is an augmented ring. Now let B be a ‫-ޚ‬torsion-free left ‫ޚ‬ G-module which is nilpotent of class F n. Consider B as a bimodule over 6 Ž . ‫ޚ‬ G the right module structure of which is defined via the augmenta-
6 Ž . be the subgroup of the Hochschild cohomology of ‫ޚ‬ G consisting of y 1 s a b y 1 q a y 1 , a y 1 s ya ay1 , Ž .
n y 1 n y 1 n n y 1 n n 2 Ž . of ‫ޚ‬ G m T rT ST lies in the G-submodule generated by the sub- Ž .
Žn . n n s0.
Finally, let x g T , y g T , s g S. Then Ž . 
